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On the Posthuckling Behavior of
Imperfection-Sensitive Structures
in the Plastic Range

Aspects of postbuckling behavior are investigated for structures undergoing plastic de-

Sformation.

The structures singled out are characterized by a highly imperfection-
sensitive behavior where buckling takes place in the elastic range.

A simple model

study is carried out and is followed by an analysis of the plastic buckling of o complete

spherical shell under external pressure.

In both instances, the bifurcation behavier and

subsequent deformation of the perfect structure as well as the influence which geometric
imperfections have on buckling are siudied.

Introduction

ELASTIC gtruetures which are labeled imperfection-
gensitive have the property that when a perfect realization of the
structure undergoes bifurcation the load ecarrying capacity
diminishes, and the bifureation load is the (local) maximum load
that can be supported. Small imperfections arising from various
sources usually have an appreciable effeet on the maximum load
such s structure can support. On the other hand, when bifurca~
tion oceurs in the plastic range it is generally true that bifurca-
tion must take place under increasing applied load. At least
this is what happens according to the Shanley concept [1-4],*
and Hill’s {5, 6] general study of the bifurcation behavior of
elastic-plastic solids suggests that this is the rule rather than the
exception.

For an elastic system, a study of the equilibrium configurations
in the neighborhood of the bifurcation point reveals its stability
characteristics. If the structure is imperfection-sensitive and if
small imperfections are accounted for in the analysis, then exact
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asymptotic results relating the buckling load (local maximum)
to the imperfection amplitude can be obtained [7-9]. An
analysis of the plastic buckling of imperfection-sensitive struec-
tures, similar in spirit to Koiter’s analysis of elastic systems, has
not been accomplished in part, no doubt, due to the considerable
complications which accompany the introduction of elastic-plastic
behavior. In fact, it seems unlikely that results as general and
concise as those for elastic systems will be obtainable.

In this paper we focus on the postbuckling behavior of struc-
tures which are imperfection-sensitive when buckling takes place
in the elastic range. First, a simple model study is carried out
which does vield some simple and revealing formulas for the effect
of small imperfections. The model study is followed by an an-
alysis of the plastic buckling of a complete spherical shell. A
brief review of the bifurcation behavior of the perfect sphere is
given, and a numerical analysis of the axisymmetric postbuckling
deformation of perfect and imperfect spherical shells is reported.

Buckling of an Imperfection- Sensitive Simple Model
in the Plastic Range

Significant imperfection-sensitivity of elastic structures is due
to strong geometric, or structural, nonlinearities. These non-
linearities will be equally important when buckling takes place
in the plastic range. The simple model investigated here com-
bines the essential features of Shanley’s [1] model of plastic col-
umn buckling and Karman, Dunn, and Tsien’s [10] model of
elastic buckling of imperfection-sensitive structures. It is similar
in a number of respects to models studied by Sewell [11] and
Augusti {12] but differs in that the model possesses a strong
geometric nonlinearity and this property is exploited in the
analysis. An elastic version of the model was used to study
dynamic buckling in reference {13].
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Fig. 1 Simple model and load-deflection relation for springs Nos. 1 and 2

The rigid-rod model, which is shown in Fig. 1, can displace

vertically as measured by u and can rotate as measured by 0.
An initial rotation from the vertical in the unload state is called
the imperfection and is denoted by 8 so that the total rotation is
§ 4 8. The load-deflection behavior of each of the supporting
springs, Nos. 1 and 2, is also shown in Fig. 1 and is given by

F < Fes=, or

F = EA for{ . 1)
F=Fosxand F<O0

F=EAfor F

Fosx gnd F > 0

where Fmex = F_for initial yield. Spring No. 3 is introduced
to bring in a strong geometric nonlinearity. Under a rotation
# the force which develops in this spring is @ = $6% We shall
assume that the parameter 8/(EL,) is large compared to unity.
This insures that Q is the only significant geometric nonlinearity
and permits us to replace sin # and cos § by @ and 1, respectively.

The equations of equilibrium and the deflection-displacement
relations are

Fi4 F, =P @)

(F2 — Fy)Ly + PLy(8 + 0) + BL.6* = 0 (3)
Al = Y + L;(? (4)
Ag = Y - L18

where the subseripts denote springs Nos. 1 and 2.

The behavior of the model for a purely elastic response (E, =
E)isshown in Fig. 2. Bifureation of the perfect structure oceurs
at P, = 2ErL,; and the maximum support load in the presence
of an imperfection, § > 0, is given by

Pmax
)% @

(1 _ me)l _ (-2_8—
P, }  \ErL
i
é) + ... 6)

For # sufficiently small,

Poss 28
PC - ETL]

Turning to plastic buckling, we first eonsider the bifurcation .

behavior of the model with no imperfection. The lowest value
of P at which bifurcation is possible is Pw» = 2ErL,, the so-
called tangent modulus load; but bifureation is possible for any
P > Pwn, The interesting case is when § > 0 for which spring
No. 1 continues to load and spring No. 2 unloads eoincident with
bifureation. If bifureation occurs at P = P then the load-
deflection relation is
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Fig. 2 Buckling behavior of model in elastic range
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Fig. 3 Buckling behavior of model In plastic range with E,/E = 0.25,
Bf(Edy) = 10 and Ayl:f 1* = 0.18 (asterisk denctes maximum lood
P. = 2EgL, and Py™* Iy the maximum load for § — 0)
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where A = E/E. The reduced modulus load where bifurcation
takes place with no change in the applied load, to first order, is.
given by

2Ptan

1+
For P, < Prm bifurcation takes place under increasing load.

The maximum load which the perfect structure can support when
bifurcation oceurs at Py = Pt» gatisfies the equation

1~ X
14 A

E;Ll 1—)\
o e [1 4 B (120) 4]

This value is only very slightly above the bifureation load.

An example of the load-deflection relation (7) is plotted in
Fig. 3 for three different bifurcation values. In this figure P is
normalized by Po = P2 and this curve is shown as a solid line
(§ = 0). The upper dashed curve corresponds to bifurcation
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at the reduced modulus load, while bifurcation takes place half-
way between Prm and P's» for the lower dashed curve. On each
curve, the maximum load oceurs at the point marked by a cross.
Our discussion this far follows that given in more detail by Sewell
[11] for a similar model. B

In the presence of a small imperfection, § > 0, the load-
deflection behavior is considerably more complicated. There
are three distinet sequences of loading and unloading which can
take place depending on the magnitude of . First, consider
the case for which § is sufficiently small so that the resulting
formulas will be valid in the limit as # vanishes. In this case,
it is found that there are four separate steps to the loading history.
With the first application of load both springs are elastic. Next,
gpring No. 1 starts deforming plastically and is followed by
spring No. 2 at a slightly higher load. The load continues to
rise. At s value of 8, denoted by 6, spring No. 2 unloads. From
this point on spring No. 1 loads while No. 2 stays in the elastic
range.

The maximum value of P oceurs at a value of § slightly larger
than 8. Some of the formulas for the values of P and 6 at the
various stages of the history are rather lengthy and will not be
listed here.® On the other hand, the expressions for
are relatively simple. They are independent of F, and are given
by

- - _ ?‘g — éz 1/s
= —f e+ 10
b= -0+ { T 5f(2EeLx)} 1o
and
o /e ; 5
Prax = Pymex — 28 l:(? + [(1 + g%‘L—l) - 1} 6 + 0)]
(11
Asymptotically for small 8, equation (11) becomes
Pmax 2ﬁ - i/2
P =1 (E‘TLl 0) + ... (12)

where it is recalled that Py is the maximum support load (9)
of the perfect structure when bifurcation occurs at Py = Ptso,

The asymptotic result (12) is particularly expressive in that
it is very similar to the analogous result (6) for the purely elastic
model. The important difference is the presence of E, in (12)
rather than £. Thus, for small imperfections, the model is more
imperfection-sensitive in the plastic range than in the elastic
range in the sense that an imperfection amplitude \§ results in
the same relative reduction of the buckling load as doés 6 in the
elastic case. )

Equation (11} ceases to hold when 8 is sufficiently large such
that spring No. 2 does not become plastic at all. In this sequence
of loading, spring No. 1 yields at a value of P just under 2F, and
the model deflects readily under only slightly increasing load
until the maximum load occurs at a value which is given very
closely by '

Prsx o 2F (13)

Curves of P versus § for the example in Fig. 3 are also shown
for nonzero values of §. The parameters of the model have
been chosen such that Pts» (P, in Fig. 3) is 40 percent higher
than 2F,, the initial yield value for the perfect model. Curves
of the maximum load as a function of the imperfection 8 are
shown on the right in Fig. 3. The asymptotic prediction (12}
is shown as a dashed curve and agrees very closely with the exact
result until second branch (13) governs.

If the “elastic buckling load,” 2ErL,, is only slightly higher
than the plastic value, 2E 7L, a third possibility arises in which

3 T am indebted to N. L. Goldman for a eareful check of the analysis
of the simple model. .
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Fig. 4 Buckling of model for a case in which the plastic buckling load
of the perfect model is only slightly below the elastic buck!ing‘iloud
{EJE = 0.75, B/{Ed1) = 10, and AL/L? = 0.525)

for sufficiently large imperfections neither spring becomes plastic
before the maximum load occurs. On this branch (5) holds.
Thus, for example, if a structure is highly imperfection-sensitive
an imperfection of modest size may trigger buckling before any
plastic deformation sets in even though the perfect structure
would buckle in the plastic range. The example shown in Fig.
4 illustrates this behavior. Here E,/E = 3/, so that the elastie
buckling load is only one-third greater than the tangent modulus
load. Branch A-B displays the strong imperfection-sensitivity
asgociated with equation (11), while on B-C (13) holds. On C-D
the maximum load is attained before any plastic deformation
takes place as discussed.

Biluicaliun Behavior of a Perfect Spherical Sheli
in the Plastic Range

The critical external pressure for elastic buckling of a perfect
complete spherical shell is

__ 28 (1)
Pe = 130 <) \R

where ¢ is the shell thickness, R is its radius, and the isotropic
elastic properties are specified by the Young’s modulus E and
Poisson’s ratio . The principle in-plane stresses are equal and
are given by oo, = —p.R/(2t). Associated with this critical
pressure is a multiplicity of (2n 4 1) linearly independent bue-
kling modes whose displacements normal to the shell middle sur-
face are given in terms of the spherical surface harmonies of
degree n:

w = 8,(0,¢)

(14)

aP(cos 8) + 3 P,t™ (cos )

m=1

X [a,, cos mep + b, sin mp] (15)

where § is the polar angle and ¢ is the longitudinal coordinate.
The degree n is the integer which most closely satisfies

4 Some specific ealculations for eylindrical shells under axial ecom-
pression suggest that the opposite can be true [14]; namely, that an
imperfection may induce high local stresses and plastic deformation
(which tend to reduce the buckling load) even though the perfect
shell would buckle in the elastic range.
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n(n + 1) = 2{3(1 — ,,.)]x/,{: (16)
and P, is the Legendre polynomial of degree n and P,™ is the
associated polynomial of degree n and order m.

This result in its general form is due to van der Neut {15]. We
have taken the previous formulas from a recent paper by Koiter
"[16] who has rederived these results using the simpler Donnell-
Mushtari-Vlasov shell equations which are entirely adequate
for this problem due to the shallow character of the buckling
deformations.

The state of stress in a perfeet spherical shell prior to bifurca-
tion is a purely membrane one with equal principle in-plane
stresses whether or not the shell has undergone plastic deforma-
tion. Thus the relationship between the in-plane stress rates
and strain rates at bifurcation is necessarily isotropic for any
plasticity theory with a single plastic branch as long as no elastic
unloading occurs. Therefore, it is possible to introduce an
effective tensile modulus E, and Poisson’s ratio », relating in-
plane stress and strain rate quantities. Under the usual assump-
tions for thin shells that the Kirchhoff-Love hypotheses apply,

the lowest bifurcation pressure in the plastic range is still given

by (14) but with & replaced by E, and v by »,; i.e.,

_2E, (t)‘
Pe="c. \R

where €, = [3(1 — »,)]"% The same axisymmetric and non-
axisymmetric bifurcation modes (15) are possible (coupled with
a uniform radial displacement rate) if » is replaced by v, in (16).
Bijlaard {17] was apparently the first to note that (14), appropri-
ately modified, holds in the plastic range. It is rigorously valid
within the context of first-order shell theory as long as the bi-
furcation modes are sufficiently shallow, that is, as long as n
given by (16) is sufficiently large {n > 6 or 7 is probably a reason-
able cutoff.
" Bifurcation at the value py given by (14a) is only possible if
no elastic unloading occurs anywhere in the shell {1, 5]. The
rate of change of the J; stress invariant at the bifurcation point
with loading everywhere can be obtained by a straightforward
analysis which employs the bifurcation rate of the normal dis-
placement (15) and the associated Airy stress function rate of
Donnell-Mushtari-Vlasov shell theory. The details of this
calcylation are not given here. Consistent with the assumptions
of thin shell theory, the J; invariant is taken o depend only on
the in-plane stresses so that with s;; = o; — ouby,

(14a)

(7

We find that at a digtance 2 meagured outward from the middle
surface of the shell J, is given by

, 1/ R\ 1, (z\ C 1S, #
sy o) fe[5+ () 2] -0) w

where $ is the pressure rate and S, is the bifurcation mode rate
given by (15).® For any plasticity theory based on the J,
invariant alone, such as simple flow theory and deformation
theory discussed later, the loading condition requires J, > 0
everywhere in the shell. If the buckling amplitude rate at bi.
furcation is denoted by & (i.e., § = max [S,]), then no unloading
oceurs as long as ’

Jy = $5;;8, & §lou® + on® + 301 — ouon)

(19)

5 One of the reviewers has expressed the wish that the use of the
terminology “rates” in static incremental plasticity would disappear
from the literature and be solely reserved for time-dependent plas-
tieity. While the economy in both language and notation does make
the ‘‘rate terminology” attractive, we basically agree with hiz point
of view and therefore use this footnote as an advertisement for this
cause and as 3 warning that in this paper we are dealing entirely
with time-independent problems.
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For J; flow theory, for example, the effective Young’s modulus
and Poisson’s ratio for the perfect sphere in the prebifurcation
state are given by

1 1 1 /E v,
a*%@*z(a"lﬂ and 3

where the ta;ngent modulus E, is a function of J, and is defined
in the usual way by ¢ = E ¢ for a uniaxial tensile history. The
critical pressure is

= 4E (.‘..)2 (21
Po= 6+ (1 — 2 + B/E) \R
This formula, which was originally due to Bijlaard, was rederived
by Batterman [18] under the restriction of axisymmetric de-
formations using equations for shells of revolution given in [19].
Batterman [18] also gives a formula similar to (19) derived
specifically for J; flow theory and under the restriction of axially
symmetric deformations.

For a J; deformation theory of plasticity

1 1 1 3 v,
B 1 (E+E) B~

1120 — 2») 1 3
[FP ] @

and

4E

P = 1
EE E 3E /3
plgg-a-»(-»+5-5)]

() e
X 7 (23)
where E, is a function of J, and is defined in uniaxial tension to
be E, = o/e

Plastic Posthuckling Behavior and Imperfection- Sensitivity
of a Spherical Shell Undergoing Axisymmetric Deformations

Formulation of Rate Equalions and Numerical Analysis. In this sec~
tion a numerical analysis of the postbuckling behavior of perfect
and imperfect complete spherical shells is carried out. Our in-
vestigation is restricted to deformations and imperfections which
are rotationally symmetric with respect to some axis. Inter-
action between the axisymmetric bifurcation mode and the
many nonaxisymmetric modes (15) is likely to be important
particularly if nonaxisymmetric imperfections are present; but
for elastic buckling at least, there is now little doubt that the
strong imperfection-sensitivity of the spherical shell is uncovered
by an axisymmetric analysis [16, 20-22].

Reissner's (23] nonlinear equations for the axisymmetric de-
formation of shells of revolution are employed in the analysis.
The strain-displacement and equilibrium equations of this shell
theory are left in their uncombined form in which no dependent
variable is differentiated more than once with respect to the
polar coordinate . As discussed in more detail later, the equa-
tions governing an incremental step in the deformation history
are reduced to a set of six first-order ordinary differential equa~
tions.

A small strain theory of plasticity is used in which the relation
between the stress rates and strain rates for the material in the
shell is assumed to be of the form

o W= L’i;‘kiékl (24)
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with Ly = L = Ly = Ly, These instantanecus moduli
depend, in general, on the stress history and here it is assumed
that there are two branches to L depending on whether loading
or unloading oceurs. In an approximately plane state of stress
only the in-plane stresses enter into the constitutive relation
and it is convenient to introduce the in-plane moduli according to

&aﬂ = if«ﬁwéw (25)

where the Greek indexes take on only the values 1 and 2. The
in-plane moduli are related to the 3-D moduli by

Lopssliyuas

26
Lyws’ (26)

flaﬁ'w = Lafyp ™

Strain-rate components a distance z outward from the shell

middle surface are given in terms of the middle surface strain
rates Fug and the bending strain rates K.g by

éag = Fag + 2Kag 27}
Using the usual definitions of the resultant stress tensor Ng and
the bending moment tensor Mag, we find
NaB = Hasmew + Haﬁmew and Maﬂ
= Hagy® E’rs + Haﬁ’wmkw (28,)
where

t/

Hopyu® = (29)

2
Lagyuzi~1dz

-t/2

Two phenomenological theories of plasticity will be used in
the present analysis. In each of them the plastic deformation
depends only on J3 invariant (17). The instantaneous moduli for
J2 flow theory with isotropic elastic properties are

E 1
Lipy = T+ l; (b + 6 )
| ) _ fsiz"gk(
tiza Sidu = 1 + v+ 2fJJ (30)

where for Jy < 0 or J: < (J2)max, f = 0; while for J3 = (J2)max and

L>0,
3 [F
= i, (E - 1) 31
For J; deformation theory (with unloading incorporated),
E 1
L = T5r+9 {5 (6af;0 + 6.850)
Ity 9’89 »
T R A e A B
where
=%,
=
For unloading, g = g’ = 0; while for loading,
3 /E
-3 (E-) o

Rate equations of equilibrium for shells of revolution under-
going axisymmetric deformations involve five stress quantities—
Mu, M, Nu, Nu, and @r—in the usual notation with the index 1
associated with the polar coordinate §. The strain-rate displace-
ment-rate equations involve four strain quantities, By, Exn, Ky,
and K, two displacement rates, # and , and one rotation rate
¢ Six of these rate quantities can be eliminated from the
governing Reissner equations with the aid of the constitutive
relations (28) to give a set of six first-order differential equations
which in matrix notation take the form

Journal of Applied Mechanics

d . . .
a0 X+ AX =p (34)
In this equation X == (W, Gr, M, %, %, ¢1). The column vector
p depends on the loading rates and the current state of deforma-~
tion of the shell through X, and the 6 X 6 matrix A depends on
the instantancous moduli (29) and on X. This choice of de-
pendent variables has been used previously with suecess in the
analysis of elastic shells of revolution [24-26] and a detailed
discussion of the numerical analysis of this system of equations
is given in [27].8

The great advantage of dealing with a system of first-order
differential equations in & plasticity analysis is that no differ-
entiation of the stiffness quantities is required. FEquation (34)
is cast into finite-difference form by dividing the polar coordinate,
0, into N equally spaced intervals with N -+ 1 stations at which

X is defined running from the pole to the equator. Equation
(34) is replaced by
Xia — Xi Xeps + X .
4+ A, = p.
A9 * ( 2 ) P ®5)

- where A, and p; are evaluated halfway between the ith and the

1 4+ 1th station. As discussed in [27], the boundary conditions
at the pole are @y = u = ¢ = 0 and these same conditions hold
at the equator if the deformation is symmetric with respect to
the equator.

At any stage in the loading history, instantaneous bending and
stretching stiffnesses (29) are calculated by integrating the
“local’” moduli Lagy, through the shell thickness. This can be
accomplished in a number of ways. Here, the distance through
the thickness is divided into M equal intervals and the local
moduli are taken to be constant within each interval. As the
deformation proceeds the stresses and (J3)mex are calculated (and
stored) at the midpoint of each of these intervals using (25), (27),
(30), or (32). Inthis way, the fmgw are known in the M intervals
through the thickness. So, for example, -

Mo 1 /1N, )
> M 31‘"”'1—2 73 Lagyu'? (36)

Hogyu® =
. =1

where z; is the midpoint of the jth interval.

To evaluate (36) at a particular stage of the deformation
history it is necessary to anticipate whether the elastic braneh
or the plastic branch of each Fagy,® will be active. Of eourse,
if J3 < (J2)msx the elastic branch is active; but if J3 = (J2)masx
the actual branch depends on the stress rates from the solution
to (35). A correct solution for any increment of the deformation
history requires an iterative procedure to finally obtain the
branches which are everywhere consistent with the sign of Js
which does occur. If the history is sufficiently smooth so that
the transition from loading to unloading, or vice versa, at any
point of the shell occurs only once or twice, a more straight-
forward approach is possible which eliminates the iterations at
each step. If J» = (J2)mex 8t any stage of the history, then the
plastic branch is taken to be active. If .J; turns out to be nega-
tive, elastic unloading will occur in the next increment of the
history. This procedure will only be accurate if the incremental
steps making up an entire history are very small; but anyway,
this is consistent with the necessity of taking small increments
to approximate nonlinear behavior by a series of piecewise linear
steps. The simpler procedure was used in calculating the results
reported here. An indication of the accuracy of the method
and the number of stations required, both through the thickness
and along the longitude, is discussed in conjunction with the
numerical results.

Noumerical Results. A Ramberg-Osgood-type relation between

® A Potters-type routine for the solution of the banded matrix
which arises when the equations are finite-differenced was kindly
supplied by W. B, Stephens.
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Fig. 5 Tansile stress-strain curve and bifurcation stresses for a perfect
spherical shell under external pressure :

the tensile stress and strain is used in the examples studied. The

form used here is
€ G o \»
Ey VV 0',,

where o, will be referred to as the yield stress in tension and
the “‘yield strain” is defined as ¢, = o,/E. Note thatif o = o,
then € = (1 + a)e, so that o, is only a reasonable measure of the
yield stress if « is small. The tensile curve for & = 0.1 and a
fairly high hardening rate, n = 6, is plotted in Fig. 5, together
with the predictions for the critical bifurcation stress, o, =
—peR/(2t), as predicted by (21) for J; flow theory and (23) for
J» deformation theory. The ordinate for the bifurcation results
(dashed curves) is o¢/0, while the abscissa is [3(1 — »2)] "2/
(¢,R) and with this choice the bifureation curves fall on the stress-
strain curve in the elastic (linear) range. As is typical for plates
and shells, the deformation theory predictions fall below those
of flow theory.

The example chosen to illustrate the axisymmetric postbuck-
ling behavior is a shell made of material with the stress-strain
curve in Fig. 5 and characterized by the additional parameters:

(387)

R
~ = 64.5,

¢
— -l
(31 ~ »%)] s 3 2

e, = 0.00318, » =4 (38)

The ratio of the bifurcation pressure to the elastic critical pressur
for a shell of the same thickness to radius ratio is 0.492 according
to the flow theory formula (21) and 0.455 from the deformation
theory result (23). In each case the axisymmetric bifurcation
mode i3 a Legendre polynomial of degree 14.

An imperfection in the form of an axisymmetric initial de-
flection of the middle surface % is taken proportional to the bi-
furcation mode of the perfect sphere so that

—8Py{cos §) (39)

where § represents the amplitude of the inward initial deflection
at the pole of the sphere. Plots of pressure versus the buckling
deflection at the pole are shown in Fig. 6 for various imperfection

‘{({}:
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Fig. 6 Curves of prossure versus pole buckling defiection for perfect
and imperfect spherical shells (shell parameters are given in the body of
the paper)

amplitudes according to the predictions of J, flow theory. 1In
this plot, the pressure is normalized by the bifurcation pressure
vy of the perfect shell (21), and AW a1, is defined to be the differ-
ence between the actual deflection at the pole and the deflection
of a perfect sphere in the unbifurcated state at the same pressure.

The curve labeled “perfect shell” is really the result of a
calculation using an extremely small imperfection, § = 10-%.
The maximum support load is only very slightly above the bi-
furcation value (21) and it oceurs at a buckling deflection of
almost one tenth of a thickness as indicated by a cross on the
curve. Sketched in Fig. 6 is the lowest possible initial slope of
this eurve which is consistent with the condition no unloading at
bifurcation as predicted by (19). 'This initial slope for the perfect
sphere is rather large; obviously, it can only be a good approxima-
tion to the slope in an exceedingly small neighborhood of the
bifurcation point. For all practical purposes the maximum sup-
port load of the perfect shell, just as in the case of the simple
model, is the lowest bifurcation pressure.

Elastic and plastic regions of the shell at two stages of the load-
ing history are given in Fig. 7 along with the middle surface de-
flection at the corresponding stages for the “perfect’” shell just
discussed. Prior to the point at which the maximum pressure
is attained the elastic zones have grown from nothing (before
bifureation) to the shapes shown at the top of the figure. Once
the pressure starts to fall all of the shell but the region near the
pole unloads. As shown at the bottom of Fig. 7, the region near
the pole dimples inward and continues to deform plastically.

The character of the load-deflection curves for the imperfect
spheres in Fig. 6, including the loeation of the maximum points,
is very similar to the analogous curves for the simple model. A
plot of the maximum support pressure normalized by pe™e*, the
maximum support pressure of the perfect shell, as a function of
the imperfection amplitude normalized by the shell thickness is
given in Fig. 8. The effect of small axisymmetric imperfections
on buckling in the plastic range is comparable to their effect in
elastic buckling {16, 20-22].

Results based on J. deformation theory are also included in
Fig. 8, except now p™== is still normalized by the maximum sup-
port pressure of the perfect shell as predicted by J» flow theory.
As just discussed, deformation theory predictions for the perfect
shell fall about seven percent below those of flow theory. How-
ever, once the imperfection amplitude becomes about one ten'th
of a shell thickness there is virtually no difference in the buckling
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Fig. 7 Current elastic and plastic regions for the perfect spherical shell
of Fig. 6 at two points of the deformation history {exaggerated shell
thickness and deflection)

pressure predictions. A similar observation was made by Onat
and Drucker [28] with respect to the buckling of a cruciform
column in compression where the disparity between the bifurca~
tion results of the two plasticity theories was much greater.

The curve of buckling pressure as a function of the imperfec~
tion amplitude does not level out at a pressure corresponding to
the effective yield pressure of the perfect sphere in the way that
the simple model does ss discussed in conjunction with Fig. 3.
Of eourse, the shell material in this example has a high hardening
rate with a very smooth transition from the elastic to the plastic
regime. Instead, the buckling pressure falls steadily with in-
‘creasing imperfection amplitude and at a value of 3/t = 0.4 the
buckling load has been reduced by a factor of two.

Some indication of the extent to which the computed buckling
pressures are sensitive to the discretization parameters is shown
in Table 1. There, N is the number of finite-difference stations
from the pole to the equator, M is the number of intervals
through the thickness as in (86), I is the number of linear steps
in the computation history taken to reach the maximum pressure
and the fourth column is the ratio of the computed maximum
pressure to the elastic buckling load (14). The numerical values
are for the shell of (38) and Fig. 6 with J, flow theory and with
8 = 0.15.. Most of the graphical results were caleulated with
N = 50, M = 10 and I between 25 and 30.

We have chosen our second example to illustrate buckling be-
havior under circumstances in which buckling takes place just
outside the elastic range. In practice this might be expected to
happen when a structure is inadvertently overloaded or when
the yield stress is overestimated. We will also investigate
another imperfection shape, the flat spot considered by Budiansky

Tabls 1
N M I proaz /Wumu
30 6 17 0.338
30 10 17 0.337
50 10 21 0.333
50 10 27 0.331
90 14 27 0.328
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" Fig. 8 Buckling pressures for imperfect spherical shells; for both curves

Po™** is the maximum support pressure of the perfect shell ax predicted
by the J; flow theory calculation (shell parameters are given in the body
of the paper)

[29] and Koga and Hoff [22]. In this case a flat spot of radius
# and maximum inward deflection § is located at each pole.
The imperfection shape is given by (at the upper pole)

e N O ORH O I
=0, |0>~ (40)

where sin ¥ = 7/B. With this choice the slope and the radii of
curvatures of the imperfect shell vary continuously across 8 = .
A convenient measure of the width of the imperfection is

N = — i
A [12(1 — »%)] VEi
For elastic buckling, Koga and Hoff [22] found that the critical
value of X for a given imperfection amplitude was about 4.
In our study, Ji flow theory is used with the stress-strain rela-
tion (37) with @ = 0.1 and n = 12, together with the following
shell parameters,

(41)

64.5,

{ R
— -1/2 [ —
3 — »)] o7 L2,

e, = 000793, X=4, »v=4 (42)
For this choice the bifurcation pressure of the perfect shell (21)
oceurs at 80 percent of the elastic critical pressure (14). As
before, the maximum support pressure of the perfect sphere
(8 = 107%) is only very slightly above the bifurcation value
pe- A plot of maximum pressure as a function of the imperfec~
tion amplitude is shown in Fig. 8. The results are not unlike
those in Fig. 8 for the other imperfection shape (39) except that
for very small imperfection amplitudes the bifurcation mode
imperfection (39) causes larger relative reductions.

Included in Fig. 9 is a plot of the elastic buckling pressure
(i.e., calculated with & = 0) in the presence of the same flat spot
imperfections. This curve is virtually identical to one given by
Koga and Hoff [22] which was obtained by a rather different
method of computation for a flat spot at only one pole. Once
the buekling pressure has been reduced by about 30 percent, the
discrepancy between the elastic predictions and those which
account for plastic deforration is very small. Analogous to the
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Fig. 9 Buckling pressures for spherical shells with fiat spot imperfec-
tions, for both curves, p,™** is the muximum support pressure of the
perfect shell as predicted by J; low theory (shell paramelers are given
in the body of the paper)

behavior observed with respect to the simple model, the imper-
fection reduces the buckling pressure to the point where plastic
deformation plays a less important role in the buckling process.

Concluding Remarks

If it is possible to generalize from the two examples investi-
gated here, it would appear that imperfection-sensitivity is
potentially as much of a problem for buckling in the plastic
range as it is in elastic buckling. In practice, however, it is
not likely to cause the large reductions in buckling loads that
have to be lived with in some elastic shell structures. This is
because, for shell structures made of engineering materials for
example, plastic buckling usually requires relatively high thick-
ness to radius ratios and in such circumstances the problem of
manufacturing “reasonably perfect’” shells is much less difficult
than when the thickness-to-radius ratio is very low.

In a series of experiments on hemispherical shells subject to a
load applied to the shell through a rigid boss, Leckie [30] found
a marked unstable postbuckling behavior in the plastic range.
His rigid-plastic analysis of these shells revealed this also. These
shells buckled at a limit load and not as a resull of anything
resembling bifurcation; nevertheless, Leckie’s results emphasize
that the phenomena investigated here, which are familiar in the
elastic buckling, certainly do occur in the plastic range.

Although there are some similarities between the analytic
features of bifurcation and buckling in the plastic range and the
initial postbuckling behavior of elastic structures, plastic buck-
ling has some distinet characteristics which make an analytic
trestment of imperfection-sensitivity very difficult. Not the
least of these is the fact that the maximum support load of the
perfect structure is not attained at the bifurcation point.

Finally, we mention that we have purposely included predic-
tions based on both of the two popular phenomenological theories
of plasticity to emphasize that, for the examples studied here,
the predictions are qualitatively the same and our coneclusions
are not subject to the controversy concerning the use of one of
these theories rather than the other.
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