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A crack lying in the interface between two brittle elastic
solids can advance either by continued growth in the inter-
face or by kinking out of the interface into one of the
adjoining materials. This competition can be assessed by
comparing the ratio of the energy release rates for interface
cracking and for kinking out of the interface to the ratio of
interface toughness to substrate toughness. The stress paral-
lel to the interface, oy, influences the energy release rate of
the kinked crack and can significantly alter the conditions
for interface cracking over substrate cracking if sufficiently
large. This paper provides the dependence of the energy re-
lease rate ratio on the in-plane stress. The nondimensional
stress parameter which emerges is, oy(a/E, T)"?, where
a is the initial length of the kink into the substrate, E, is a
modulus quantity, and I; is the fracture energy of the inter-
face. An experimental observation of the cracking of reac-
tion product layers in bonds between Ti(Ta) and Al,O; is
rationalized by the theory. [ Key words: crack growth, inter-
faces, kinking, stress, fibers.]

I. Introduction

IN AN earlier paper (He and Hutchinson,' hereafter desig-
nated by HH), a study was made of the tendency of a crack
in an interface to either remain in the interface or kink out
(Fig. 1). The ratio 4,/%."** was determined where ; is the
energy release rate for crack advance in the interface and 4™
is the energy release rate for the crack kinking into the sub-
strate maximized with respect to the kink angle w. The com-
petition between interface cracking and substrate cracking
then depends on whether §,/4™" is greater or less than the
toughness ratio, [/I;, where I, and [ are the interface and
substrate toughnesses, respectively.

The analysis in HH is an asymptotic one in which the pre-
diction of %§;/%4** is accurate when the length a of the
kinked crack segment is very small compared to all other
lengths in the problem, including the length of the parent in-
terface crack itself. If there is a stress o in the substrate par-
allel to the interface (Fig. 1) due to either residual stress or
applied loads, then an additional nondimensional length
parameter, not considered in HH, becomes important:

n = ooVa/(E.§)" (1)

where E. is a modulus quantity defined below. The role of
this parameter in the competition between kinking and con-
tinued interface cracking is the subject of this paper. An ex-
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perimental observation of the cracking at the reaction product
layer formed upon bonding Ti(Ta) to Al,O; is used to illus-
trate the phenomenon.

II. Stress Intensity Factors and Energy Release Rates for

a Kinked Crack

As in HH, it will be assumed that the putative length a of
the kinked crack is very small compared with all other geo-
metric length quantities and, in particular, small compared
with the length of the parent interface crack. Under these
circumstances, an asymptotic problem can be posed, as de-
picted in Fig. 1(B). Notably, a semi-infinite interface crack is
loaded remotely by the singular crack tip field associated with
the interface crack of Fig. 1(A), with stress intensity factors
K, and K; and by the stress ¢, parallel to the interface located
in the material into which the crack kinks." In an application,
the stress intensity factors K| and K are regarded as the ap-
plied stress intensities and are determined for the interface
crack in the actual geometry.

Plane strain cracks are considered, and the two materials
bonded at the interface (Fig. 1) are assumed to be isotropic
and elastic. The two elastic mismatch parameters of Dundurs
governing plane strain problems are

a=(E, - E)/(E, + Ey) ()
1
B = “2—[1-1-1(1 - 2v;)

= pal = 2v))/[ (1 = v2) + pa(1 = 1)) (3)

‘Only the stress component in the material into which the kink extends
has any effect on the change in energy release rate.
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Fig. 1. Notation and conventions: (A) interface crack, (B) kinked
crack.
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where E, u, and v denote Young's modulus, shear modulus,
and Poisson’s ratio, respectively, and £ = E/(1 — v°). The
condition a = B = 0 refers to a homogeneous system. An
“oscillation index” &, which appears below, depends only on 8
according to

_L (e
E—Zwln (1+B) 4)

A general discussion of elastic interface cracks has been
given by Rice.’ For a specific problem, the complex interface
stress intensity factor necessarily has the dimensional form
(with i = (=1)"%)

K=K +iK = (app“ed stress) - LYCL™F (5)

where L is a length (e.g., the parent crack length or layer
thickness) and F is a dimensionless function of parameters
characterizing the in-plane geometry and of « and B. The
tractions on the interface ahead of the interface crack tip
(still with a = 0) are given by

T + i(Tu = K(27Tx|)'”1x'f (6)
When 8 = 0, and thus ¢ = 0 so thatx{ = 1, K| and K; can be

regarded as conventional mode 1 and mode 2 stress intensity
factors, i.e.,

K\ (2mx)™"?
Ky(2mx,) ™2 (7)

As emphasized in Ref. 3, the clarity in interpretation
achieved by taking B to be zero is often worth the small sacri-
fice in accuracy.

It will be useful for later purposes to introduce the “phase”
¥ of the stress intensity factors. With L defined in Eq. (5),

[2p7

a2

K = K| + iK; = |[KleML™ (8a)
or

tan ¢ = I [KL*]/R[KL"] (8b)
In particular, when 8 = 0

¢ = tan™" (K, /K)) 9

and ¢ provides a measure of the relative amount of mode 2 to
mode 1 of the loading on the interface crack.

The energy release rate for advance of the crack in the in-
terface is

4 = (Ki + K3)/E. (10)
where

1 1{1 1 1 1-831

E* 2[E1 Ez:,COShZ mEe (1 +C!)Ez ( )

The stress component o, has no effect on 4,, since it acts
parallel to the advancing crack.

The tip of the putative crack kinking into the substrate in
Fig. 1(B) experiences conventional mode I/mode II stressing
characterized by stress intensity factors K; and K. The rela-
tionship between the intensity factors of the kinked crack and
those of the parent interface crack is expressed compactly as

K+ iKy = cKa* + dKa™ + boya*? (12)

where (7) denotes the complex conjugate. Here c. d. and b are
dimensionless complex functions of w, a, and 8. The argu-
ment leading to the K terms in Eq. (12) is based primarily on
simple dimensional considerations given in HH. The o term
can be justified solely on the grounds that K; and Ky, depend
linearly on g, and that the only length quantity in the elastic-
ity problem is a.

The calculations of & = b, + ib, use the integral equation
formulation of HH. The present results were obtained using
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the previous numerical scheme simply by changing the “load-
ing on the crack” to be that associated with o,. Curves of b,
and b; as functions of w for various a, all with g8 = 0, are
shown in Fig. 2. There is virtually no dependence of b, and b,
on B. For example, the values computed with 8 = a/4 differ
from those computed with 8 = ( by no more than about 1%.
(The connection 8 = a/4 corresponds with v, = vy = 1/3,
typical for many material combinations.)’ An approximate so-
lution for the case of no elastic mismatch is readily obtained
from the formulas given in Ref. 5. That approximation is

by = 2(2/m)"* sin’ @

b, = (2/m)"* sin 2w (13)

and, as shown by the dashed curve in Fig. 2, gives a good
approximation for « = 8 = 0 when w is less than about 60°.

The real and imaginary parts of ¢ = cg + ic; and d =
dr + id; have been tabulated as functions of w for a wide
range of combinations of a and 8.°* When 8 = 0, Eq. (12) can
be written as

Ky = (cr + dr)K| ~ (c1 + d)K; + biapa”? (14)
Ky = (c1 — d)K, + (cr — dr)K; + bigpa'? (15)
The energy release rate of the kinked crack is
4, = (Ki + KQ)/E, . (16)
such that, with Eq. (12)
G = (Gi)g=0

+ 200a"*R.[b(cKa* + dKa~*)|/E,
+ (b + b3)oda/E,
(17).
where
(G)n=0 = {(lc]* + |d|HKK + 2R.(cdK a*)}/E, (18)

This last quantity is the energy release rate when oy = 0. The
ratio of the two release rates is obtained from Egs. (10) and
(17) using Eq. (8) as

6/% = fOw, ) + fwid) + 7Y Pw) (19)
where 7 is defined in Eq. (1) and _

fO =+ @/l = B{e]® + d|* + 2R.[cde™ 7}

= 2((1 + a)/(1 ~ BY)RAb[ce” + de ]}

[P =1+ a)/(1 = B?) (b + b3)

o
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Fig. 2. Curves of b, and b, as a function of w for various a. The
dashed line curve is the approximation (13).
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with
¢ =y +¢ln(a/L)

The functions f* are independent of the magnitude of X
but depend on the phase & of the interface stress intensity
factors, as well as on the kink angle w. If 8 = 0, these func-
tions are independent of the putative crack length a, and
therefore 4;/%; depends on a only through . When 8 = 0,
there is an additional very weak dependence on a through
term £ In (/L) in f® and f'V. In what follows, the focus is on
material mismatches with g8 = 0, either exactly or approxi-
mately. This choice averts the (usually nonessential) compli-
cations associated with the weak ¢ In (a/L) dependence. Some
assessment of the effect of nonzero 8 values can be obtained
from the results presented below by simply accounting for the
contribution £ In (a@/L) to . This term amounts to a phase
shift in ¢. Some further discussion of how this dependence
affects the behavior when o, vanishes is given in HH.

III. Interface Cracking versus Kinking

The role played by o on the competition between contin-
ued interface cracking and kinking into the substrate is illus-
trated in Figs. 3 and 4. The ratio %;/%4,, as calculated from
Eg. (19), is plotted in Fig. 3 as a function of the kink angle w
for the case a = B = 0. The parent interface crack is loaded
with equal amounts of mode 1 and mode 2 (¢ = 45°). The
stress o begins to have an appreciable effect on the release
rate ratio when |»| is about 1/10; furthermore, when |n| is 1/4,
the 4 ratio is increased or decreased by about 50%, depending
on the sign of .

The ratio 4;/%4"** is plotted as a function of ¢ in Fig. 4,
again for the case a = B = 0. Here, %" is the value of 4,
maximized with respect to the kink angle o. As detailed in
HH for the limit 7 = 0, the value of w at which %; is maxi-
mized usually corresponds very closely (but not exactly) to the
direction of the kink corresponding to Ky = 0. A significant
difference between these two directions occurs only when the
material into which the crack kinks is substantially stiffer
than the other material, and then only when the loading on
the interface crack is heavily mode 2.

Consider the role of in-plane tension (n > 0) with the aid of
Fig. 4. Determine 4;/%[, given the mode of loading as
specified by ¢ and the value of n based on estimates of initial
flaw size @ and oy. Let [(¢) be the mode-dependent interface
toughness and I, = Kk/E;, the mode I toughness of the sub-
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Fig. 3. Energy release rate ratio as a function of the kinking
angle w for various values of the residual stress parameter #n;
¢ =tan"" (K,/K,) = 45°and a = B = 0.
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Fig. 4. Ratio of interface energy release rate to maximum energy
release rate of kinked crack as a function of the phase of loading
¢ = tan™' (K,/K)) for various values of the in-plane stress parame-
ter ». @ = B = 0. The interpretation as the transition toughness
ratioi\[/'./l“,, applies only for n > 0. The datum is discussed in Sec-
tion IV.

strate material. If
L/T, < 4,/4m (20)

the interface crack meets the condition for continuing ad-
vance in the interface at an applied load too low to advance
the flaw into the substrate. Conversely, if the inequality in
Eq. (20) is reversed, the flaw initiates a kink at an applied
load lower than that necessary to advance the crack in the
interface. The transition toughness ratio separating interface
cracking from substrate kinking is given by

(Fi/rs)TRANSITlON = c@l/(géw‘ (21)

The curves in Fig. 4 thus provide the transition toughness
ratio for a given mode of loading and a given 7. Note that at
the transition, %; can be replaced by I in the expression (1)
for n. For this case, once substrate cracking is initiated, 7§
increases as the crack grows, further increasing the driving
force on the tip of the crack, and the kink becomes unstable.

In-plane compression in the substrate (n < 0) leads to very
different behavior. In this case, %, decreases with increasing
a, and cracks which kink into the substrate tend to arrest. To
further examine this phenomenon, let

A =T/ = (%/%5 =0 22)

If A < 0, interface cracking occurs and substrate cracks will
not be initiated. If A > 0, sufficiently small flaws will initiate
kink cracks but, because n decreases (as a increases), these
will subsequently arrest when

G =T (23)

Now imagine a three-dimensional interface crack front en-
countering small flaws in the substrate. When o is compres-
sive and A > 0, it is possible to have interface cracking (with
4, = T) and still initiate small cracks which kink into the sub-
strate and then arrest upon growth to a length governed by
Eq. (23).

The effect of elastic mismatch on 4§,/%4™* is shown in
Figs. 5 and 6 for (a« = 0.5, 8 = 0) and (« = 0.5, B = 0,
respectively. All other things being equal, increasing the rela-
tive compliance of the material into which the crack kinks
increases the energy release rate of the kinked crack, and
thus increases the tendency for substrate cracking.

To facilitate estimation of the effects of in-plane stress, the
lowest order influence of n on the release rate ratio is ex-
pressed as

Gi/ G5 = (6,/65 -0 — f (@, ¥) (24
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Fig. 5. Energy release rate ratio versus ¢ fora = 0.5, 8 = 0

This result is obtained from Eq. (19) with
(%:/G8) =0 = 1/f(w'¥)
f = O/ Oty 25)

where o* is the value of w which maximizes f'”(w,). Curves
of (%i/ %) =0 and f as functions of ¢ for various a (with
B = 0) are shown in Figs. 7(A) and (B). Comparison of
Eq. (24) with the full numerical results in Figs. 4 to 6 reveals
that the approximation retains accuracy to within about 10%
for |n| = 0.2.

Based on this approximation, the transition toughness ratio
shifts with tensile in-plane stress according to

(I./T)rransimion = ((Qi/@én“)q:o - nf(a¥) (26)

When o, is compressive, the length of the arrested kink
cracks can also be estimated using Eq. (24) when |n| = 0.2.
Suppose, as discussed earlier, that A in Eq. (22) is positive.
Using Eq. (24) with the arrest condition (Eq. (23)) gives

-1 = (—00) (@/(E.T)'"? = Aff (27)

IV. Experimental Illustration

An experimental illustration of the importance of the
above calculations concerns cracking in a diffusion bonded
system between Ti(Ta) and Al,O;. Upon diffusion bonding,
brittle reaction products form in this system, consisting of vari-
ous intermetallics,”® including the -y, @», and ¢ phases in the
Ti, Al, Ta ternary. These layers are typically 3 um thick
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n = 0. (B) Coefficient of lowest order contribution of 1 to energy
release rate ratio in Eq. {24). In both cases, 8 = 0.

(Fig. 8). Interface fracture energy measurements have been
made on this system using a notched flexural specimen.” Two
observations and measurements are relevant. When precrack-
ing is conducted in three-point flexure, the crack introduced
into the Al:Oj;, which extends normal to the interface, pene-
trates the reaction product layer and arrests at the reaction
product/Ti interface (Fig. 8(A)), referred to as the R/M inter-
face. Subsequent to precracking, when the specimen is loaded
in four-point bending, cracks nucleate at the Al,O;/reaction
product interface, referred to as the C/R interface. and
propagate along that interface (Fig. 8(B)). The associated
propagation load’ indicates a fracture energy for this inter-
face of I} = 17 J-m ™% Also, periodic branch cracks are emit-
ted into the reaction product layer as the primary crack
extends along the interface. These branch cracks arrest at
the R/M interface (Fig, 8(B)). Cross sections suggest that the
branch cracks tunnel across the reaction product layer, start-
ing from the free edge. It is apparent from these results that
the R/M interface has a relatively high fracture energy and is
not a factor in the fracture process. Independent measure-
ments of the fracture energy of reaction products in Ti/Al
refractory metal ternary systems, such as the o phase,” indi-
cate values in the range Ir = 40 t0 50 J-m™2 This multiplic-
ity of fracture behaviors can be rationalized using the preced-
ing calculations.

During precracking, with the mode I crack in the Al.O;
normal to the interface, the fracture energy ratio between the
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Fig. 8. (A) A precrack that extended in the Al>Os; normal to the
interface and propagated through the reaction product interface in
a Ti(Ta)/Al,O4 bond. (B) A mixed-mode crack extending along the
Al2Qs/reaction product layer interface. Also shown are periodic,
inclined branch cracks in the reaction product layers formed upon
interface crack extension.
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reaction products and the C/M interface is I./I'x = 1/3. This
ratio is in a range consistent with the observed crack penetra-
tion into the reaction products.’” Upon subsequent loading,
when crack extension occurs along the C/R interface, the
phase angle ¢ is approximately 50°."" For this case, with
n = 0 and I,/I'x = 1/3, Fig. 4 would indicate that the crack
should remain at the C/R interface. However, if a tensile mis-
fit stress exists within the reaction product layer, Fig. 4 indi-
cates that n = 0.5 would allow the formation of branch cracks.
Based on the elastic properties of the Ti/Al,O; system,” the
requirement for branch cracking becomes, oy(c)"'? =
1 MPa- m'?. Since the branch cracks tunnel in from the edge,
¢ should be about equal to the reaction product layer thick-
ness (~3 um), whereupon the misfit stress should be
oy > 600 MPa. Such levels of misfit stress arise from the
thermal expansion mismatch between either the y-TiAl or the
o reaction layer with either the Al,O; or the Ta(Ti).

V. Conclusion

In-plane stresses can have a major influence on the behav-
ior of interface cracks. In particular, tensile in-plane stress
acts in conjunction with flaws near the interface to destabi-
lize interface cracks and causes them to depart from the in-
terface. Conversely, compressive in-plane stresses stabilize
interface cracks and essentially deactivate flaws around the
interface. Such issues are important in the failure of bonds
when either reaction layers or coatings subject to misfit
stresses are present, and in fiber fracture from interface
debonds in brittle matrix composites. The calculations are il-
lustrated by observations of branch cracks within a reaction
product layer formed in the Ti(Ta)/Al,O; system.
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