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Stresses induced in alloys by selective oxidation
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Abstract

Consider a substitutional solution of two metallic elements A and B. When the alloy is exposed to air at an elevated
temperature, A oxidizes, but B does not. In the alloy, the two elements diffuse in opposite directions, but usually at
different rates; the nonreciprocal diffusion is known as the Kirkendall effect. At the oxide-alloy interface, metallic
atoms may either emit from or inject into the interior of the alloy. Both the nonreciprocal diffusion and the interfacial
process generate stress in the alloy, while creep relaxes the stress. If tensile, this stress could generate voids. This
paper formulates governing equations both in the alloy and at the interface. Numerical examples are given for nickel-
aluminum alloys. The stress in the alloy near the interface can be either tensile or compressive, depending on the
oxidation mechanism, as well as on the relative diffusion rates of Ni and Al.
 2002 Acta Materialia Inc. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

Stress generation and voiding in alloys upon
selective oxidation is a long-standing problem in
materials science. In some binary alloys (NiAl
being the most intensively studied), pronounced
interdiffusion occurs. In Ni-rich compositions,
cavities form at the oxide/alloy interface, but are
rarely observed in the Al-rich compositions [1].
Oxidation-induced voiding can also occur in multi-
component alloys, exemplified by a PtNiAl alloy
containing Cr and Co (Fig. 1) after long exposures.
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A more contemporary example of interdiffusion
driven by selective oxidation occurs in thermal bar-
rier coated superalloys used in gas turbines. Such
systems comprise a layer of Al-rich Ni based alloy,
known as the bond coat, and a superposed layer of
zirconia, which provides thermal insulation. Oxi-
dation of the bond coat creates a thin intervening
layer of Al2O3. As the Al2O3 grows, Al depletes
near the surface of the bond coat, motivating Al in
the interior to diffuse out, and Ni near the surface
to diffuse in. Interdiffusion between the bond coat
and the superalloy also depletes Al and enriches
Ni in the bond coat. The durability of thermal bar-
rier coated systems has been related to a variety of
processes linked to interdiffusion [2–5].

To prepare for the modeling of these phenom-
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Fig. 1. Micrographs of a bulk sample of Pt-modified NiAl after oxidation at 1150 °C for 300 h. (a) A piece of oxide has spalled
off, exposing metal surface with voids. (b) Higher magnification image of the voids. (c) The cross-section shows the voids in the
metal, under the oxide. The bright layer on top of the oxide is Ni plated to preserve the oxide upon polishing. (d) Higher magnification
image of the cross section.

ena, this paper examines a simpler phenomenon,
having many of the same physical features, but not
the extreme mathematical complexity. Fig. 2 illus-
trates a substitutional solid solution, of metallic
elements A and B, exposed to air at an elevated
temperature. The alloy is semi-infinite and has no
voids. The element A preferentially oxidizes, and
the element B remains in the alloy. At time t, the

Fig. 2. A schematic of the selective oxidation of a binary
alloy.

oxide thickness is h(t), and the oxide-alloy inter-
face is at position z � S(t) and moves at velocity
Ṡ. The composition in the alloy is uniform in the
x and y directions, but nonuniform in the z direc-
tion, so that diffusion fluxes are along z, causing a
marker velocity field v(z,t) and a biaxial stress
field, s(z,t) in the alloy.

While aspects of this problem have been investi-
gated, beginning with nonreciprocal diffusion [6],
and selective oxidation [7], the generation of stress
and its relaxation by creep have never been
addressed with the rigor needed to perform numeri-
cal calculations. This is the goal of the present arti-
cle. We specify how diffusion and oxidation
remove or insert atoms and, thereby, generate a
stress field, which is simultaneously relaxed by
creep. A moving boundary problem is formulated,
and applied to Ni-Al alloys. Compositions, fluxes,
and stresses are calculated.
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2. Synopsis

Selective oxidation induces stress in the alloy by
two processes: nonreciprocal diffusion inside the
alloy, and injection or emission at the oxide-alloy
interface. Before formulating the theory, we out-
line the main physical considerations. Nonrecipro-
cal diffusion was first appreciated upon observing
that molybdenum wires sandwiched between
a(Zn,Cu) solid solution and pure Cu, upon
annealing, move toward the Zn-rich region [8]. The
marker motion demonstrated that Zn diffuses faster
than Cu and that, to fill the space, atoms enter the
region by convection. In his original analysis,
Darken [6] asserted that contributions to the vol-
ume change other than convection could be neg-
lected: that is, the elastic strains are negligible, as
well as the lattice volume changes dictated by the
composition. Also, he tacitly assumed that enough
dislocations climb to maintain vacancy concen-
trations close to equilibrium [9], in accordance
with several experimental findings; for example,
voids in Ni-Cu diffusion couples (wherein Cu dif-
fuses faster than Ni) can be suppressed by
imposing small pressures [10]. The same assertions
are made in this article.

As illustrated in Fig. 3a, nonreciprocal diffusion
causes a mass gain or loss inside the alloy, generat-
ing a dilatational strain-rate field [11–14]. In the
direction of the diffusion flux, the material is free
to move, so that no stress is generated. In the direc-
tions transverse to the diffusion flux, however,
material is constrained, so that a biaxial stress field
arises to drive creep (Fig. 3b). The creep strain-

Fig. 3. (a) Nonreciprocal diffusion has a flux divergence,
causing dilatational strain-rate. (b) Stresses in transverse direc-
tions drive creep. (c) Diffusion and creep combined to satisfy
the constraint in the transverse directions. The net strain-rate in
the longitudinal direction gives rise to the marker velocity.

rates change the shape of the material element, but
conserve its volume. Creep and nonreciprocal dif-
fusion, in combination, meet the constraint (Fig.
3c).

The processes at the oxide-alloy interface dictate
the sign and magnitude of a second source of
stress. Analogous effects occur in thin film depo-
sition [15]. Three cases are assessed, designated in
terms of the a parameter. This parameter is a non-
dimensional measure of the ratio of the atom flux
at the oxide-alloy interface to the interface velo-
city, formally defined in Section 4.

1. The a zero case (Fig. 4a). The substrate atoms
removed from interface ledges are replenished
by atoms emitted from dislocations, located near
(or at) the interface, that climb parallel to the
surface. This situation does not introduce stress
in the substrate [16]. To accommodate the verti-
cal displacements, the oxide moves by a rigid
body displacement relative to the substrate.

2. The a positive case (Fig. 4b). The substrate
atoms removed from interface ledges are replen-
ished by atoms emitted from substrate dislo-
cations that climb normal to the surface. This
process is equivalent to the injection of vacanc-
ies into the substrate from the interface
(typically associated with observations of vac-
ancy loops). The climb of the substrate dislo-
cations causes a contraction transverse to the
flux, and the constraint induces a biaxial tensile
stress. Note that, when all ledge atoms removed
from the substrate to form the oxide are
replaced, the new oxide is accommodated at the
free surface.

3. The a negative case (Fig. 4c). When all of the
new oxide forms at the interface, some substrate
atoms removed from interface ledges can form
interstitials (typically associated with obser-
vations of interstitial loops) that attach to dislo-
cations in the substrate, causing climb normal
to the surface. This process may also occur by
means of a vacancy flux from the substrate. The
climb of the substrate dislocations causes an
expansion transverse to the flux, and the con-
straint induces a biaxial compressive stress.

These processes are illustrated by the oxidation
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Fig. 4. The interfacial processes (substrate atom removal or
new oxide formation) are accompanied by the movements of the
dislocations in the substrate, located near (or at) the interface,
climbing (a) parallel to the surface, or (b) normal to the surface
equivalent to vacancy injection, or (c) normal to the surface
equivalent to interstitial injection or vacancy emission. In (b)
and (c), biaxial stresses are generated, which may motivate
other dislocation activities, such as creep.

of elemental substrates. In one limit, when Ni oxid-
izes, the new oxide forms at the oxide-air interface,
causing a mass loss at the oxidesubstrate interface.
This results in a vacancy flux into the substrate,
causing biaxial tension [17–20]. The oxidation of
Si illustrates another limit. New oxide forms at the
oxide-substrate interface, leading to a mass gain
that causes Si interstitials to inject into the sub-
strate, forming interstitial loops and extrinsic stack-
ing faults, which cause biaxial compression in the
Si [21–24].

For a binary alloy, in addition to the interfacial
mass change, the relative diffusivity of the two
elements in the alloy determines whether there is
a volume loss or a volume gain at the oxide-alloy
interface. A microscopic theory of the interface
mass exchange based on Fig. 4 is beyond the scope
of this paper. Instead, we assume that the injection
or emission flux is proportional to the interface
velocity, through the (phenomenological) a para-
meter.

Based on these considerations, the ensuing
analysis has the following steps.

1. The marker velocity in a binary alloy is related
to the diffusion flux.

2. The material strain rates in the alloy are derived
in terms of the marker velocity.

3. Two atom placement rules in the alloy are con-
trasted: one in which atoms are
removed/inserted only on planes normal to the
flux (all-or-nothing rule), and the other in which
atoms are removed/inserted equally on all
planes (isotropic rule). The latter is compatible
with experimental evidence, and is used for all
subsequent assessments.

4. Conditions operative at the interface between
the oxide and the binary alloy are examined and
an expression presented that relates the flux in
the alloy near the interface to the interface velo-
city. The sign of the flux is specified through a
parameter a governed by mechanisms operative
in the oxide and at the interface.

5. The diffusion and creep laws applicable to a
binary alloy are used to set up a differential equ-
ation for the stress, the flux and the concen-
tration gradient, as well as the boundary con-
ditions.

6. Non-dimensional groups representing the stress,
the flux and the concentration gradient are
derived.

7. Results are calculated for the oxidation of NiAl.
8. Oxidation-induced stress in an elemental sub-

strate is analyzed in the Appendix, which may
be read before the body of the text.
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3. Kinematics in the alloy

3.1. Nonreciprocal diffusion and marker
movement

Following Darken [6], we assume that the alloy
has a constant volume per atom, denoted by �. Let
CA and CB be the numbers of atom A and atom B
per unit volume. Specify the composition of the
alloy by the number fraction of A, namely, c �
CA / (CA � CB). Thus, the number fraction of B is

1�c, CA � c /� and CB � (1�c) /�.
Imagine a plane normal to z and stationary in a

fixed space (Fig. 5). Let NA be the net flux of A:
the number of A atoms crossing the plane per area
per time. Similarly, denote the net flux of B by NB.
Imagine a box, volume V0, also stationary in space.
When all strains other than convection are negli-
gible, no matter how erratically atoms move, the
box must contain V0 /� atoms at all time. Conse-
quently, the net flux of the two elements com-
bined, NA � NB, is independent of the position of
the stationary plane, z. The alloy is sufficiently
thick that diffusion remote from the oxide-alloy
interface is negligible. We choose the fixed space
such that the alloy far from the interface is station-
ary. In this space, the sum of the net fluxes of the
two elements vanishes:

NA � NB � 0. (1)

Fig. 5. The net flux NA is the number of A atoms per time
per area crossing a plane stationary in space. In an imaginary
box fixed in space, the total number of atoms is constant, but
the composition can change with time. Atoms are inserted and
removed by dislocation climb on planes of various orientations.

At any time, relative to any plane stationary in this
space, the number of A crossing in one direction
equals the number of B crossing in the opposite
direction.

In the imaginary box, although the total number
of atoms is constant, the composition can change
with time. The number density of A changes at a
rate governed by the divergence of its net flux,
namely,

∂CA

∂t
� �

∂NA

∂z
. (2)

A similar relation applies to B, but is redundant,
because the total number of atoms in the box is
constant.

The net flux NA counts the number of A atoms
crossing the stationary plane, regardless of the
cause. For example, should the entire sample move
by a rigid-body translation, speed vrigid relative to
the fixed space, the net flux of A would be
NA � CAvrigid. Rigid body motion is a special case
of convection. Imagine that inert markers are
placed at various locations along the z-axis, and
move at different velocities. Let v(z,t) be the velo-
city of the marker at position z and time t. Convec-
tion carries a number, CAv of A atoms across the
stationary plane per area per time. Define the dif-
fusion flux JA as the number of the A atoms cross-
ing the stationary plane per area per time in excess
of that carried by the convection, namely,

NA � JA � CAv. (3a)

The net flux NA is partitioned into two contri-
butions: that due to diffusion JA, and that due to
convection CAv. The flux of B can be similarly par-
titioned, namely,

NB � JB � CBv. (3b)

The net flux for each element is well-defined;
in principle, it can be counted experimentally. The
partition into diffusion and convection, however,
is by convention. In fluid mechanics, the common
practice is to specify the convection velocity by the
net fluxes themselves: for example, by the mass-
average net flux, or by the number-average net
flux, or by the volume-average net flux [25]. The
diffusion fluxes, JA and JB, depend on how one
specifies the convection velocity. In this paper, we
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follow Darken [6] and specify the convection velo-
city by the marker movement.

In a substitutional metallic solution, diffusion
occurs by individual atoms jumping into nearby
vacancies. Typically, the jump frequency of one
element differs from that of the other, so that the
two elements diffuse in the opposite directions, but
at different rates. The diffusion is nonreciprocal,
namely, the sum of the diffusion fluxes does not
vanish, J�JA � JB � 0. However, as discussed
above, the sum of the net fluxes of the two elements
vanishes, NA � NB � 0. Adding (3a) and (3b), one
relates the marker velocity to the diffusion flux:

v � ��J. (4)

To fill the space, the markers must move in the
direction opposite to J. Eq. (4) is a main result of
Darken’s analysis.

3.2. Marker velocity and strain-rates

To reconcile the marker movement and the zero
net atomic flux, Darken [6] only needed to declare
that the two elements had unequal diffusion fluxes,
and then compensate for the difference by convec-
tion. He did not need to specify how convection
occurred. However, to calculate the stress induced,
we must specify the means. Such a specification
cannot be deduced from Darken’s theory;
additional premises must be made.

To proceed we examine the physical signifi-
cance of the marker velocity field, v(z,t). Imagine
two markers at different positions along z, moving
at different velocities. When the two markers move
apart, layers of atoms have to be inserted into the
intervening space. When the two markers
approach, layers of atoms have to be removed. This
effect is dramatically demonstrated in a recent
experiment [26], wherein markers originally placed
on one plane (nominally the same z, but different
x and y) sometimes separate into multiple planes.

At time t, one marker is at z, and the other at
z � dz. Their velocities are, respectively, v(z,t)
and v(z � dz,t). The second marker moves relative
to the first at velocity v(z � dz,t)�v(z,t). The velo-
city gradient is ∂v /∂z � [v(z � dz,t)�v(z,t)] /dz.
When ∂n /∂z � 0, the two markers move apart,
and (∂n /∂z)(dz /�) atoms need to be inserted into

the intervening space per area per time. The velo-
city gradient defines the strain-rate:

dz � ∂v /∂z. (5)

We assume that the thickness of the diffusion zone
is small compared to the overall sample dimen-
sions, to exclude transverse velocities in the dif-
fusion zone. Consequently, the strain-rates in the
two transverse directions vanish, dx � dy � 0.

The cause of the marker motion has yet to be
specified. Once again imagine the box stationary
in space (Fig. 5). The divergence of the diffusion
flux is ∂J /∂z. Nonreciprocal diffusion removes
atoms from the box when ∂J /∂z � 0, and inserts
them when ∂J /∂z � 0, as implied by Darkenı́s
theory. However, to determine the planes on which
the atoms are removed or inserted, we must specify
the placement rule. Two rules are envisaged.

3.3. All-or-nothing placement rule

Insert and remove atoms only on the planes nor-
mal to the flux direction, so that the diffusion
induces strain-rates

dD
z � ��

∂J
∂z

, dD
x � dD

y � 0 (6)

(All � or � nothing rule).

The material is free to move in the flux direction,
so that no stress will be generated. The diffusion-
induced strain-rate dD

z is responsible for the con-
vection. Integrating (6), we recover the marker
velocity field (4) obtained by Darken. This rule,
however, is inconsistent with at least three experi-
mental observations.

1. Upon the selective evaporation of Zn from thin
foils of a-(Zn,Cu), thinning, voiding and lateral
shrinkage occur, each with comparable contri-
butions to the solid volume reduction [27]. The
lateral shrinkage and thinning indicate that lat-
tice planes are removed throughout the crystal
in all directions.

2. Thin foil diffusion couples bend upon nonre-
ciprocal diffusion, indicating differential lateral
shrinkage [13].

3. Massive dislocation activities accompany such
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diffusion [28], whereas the all-or-nothing rule
permits only dislocations with the Burgers vec-
tors in the flux direction to climb, and absorb
or inject vacancies (Fig. 5).

3.4. Isotropic placement rule

Atoms can only be added and removed from
within the alloy grains where edge dislocations
exist, by means of a climb mechanism. Since dislo-
cations have Burgers vectors in multiple directions,
the atoms removed and inserted can lie on planes
other than those normal to the diffusion flux (Fig.
5). If the Burgers vectors are taken to be equally
likely in all three orientations, the divergence of
the diffusion flux causes isotropic strain-rates:

dD
x � dD

y � dD
z � �

�

3
∂J
∂z

(Isotropic rule). (7)

This rule has been invoked in several previous
studies [11–14], and will be adopted in this article.

The isotropic placement rule requires that dif-
fusion generate an incompatible strain-rate field: it
does not correspond to the unidirectional marker
velocity (Fig. 3). To compensate, processes other
than nonreciprocal diffusion, such as creep, must
cooperate. Creep conserves volume, but changes
shape. The net strain-rate in every direction, di, is
the sum of that due to creep dC

i , and that due to
diffusion dD

i , namely

dx � dC
x � dD

x , (8a)

dy � dC
y � dD

y , (8b)

dz � dC
z � dD

z . (8c)

In the two transverse directions, x and y, the rule

(9) specifies dD
x � dD

y � �
�

3
∂J
∂z

, but the net strain

rates vanish, dx � dy � 0. Consequently, the creep
strain-rates in the transverse directions are dC

x �

dC
y � �

�

3
∂J
∂z

. Since creep conserves volume,

dC
x � dC

y � dC
z � 0, the creep strain-rate in the z-

direction must be

dC
z � �

2�

3
∂J
∂z

. (9)

The net strain-rate is the sum of that due to dif-
fusion (7) and that due to creep (9),

dz � ��
∂J
∂z

. (10)

This net strain-rate is responsible for the convec-
tion. Integrating (10), once again we recover the
marker velocity field (4) obtained by Darken.

The isotropic placement rule is consistent with
the observations of lateral shrinkage of thin foils
during selective evaporation, and also predicts the
bending of a thin foil diffusion couple. However,
it is not a consequence of any fundamental prin-
ciple, and should be modified if, for any reason,
atoms are placed preferentially on certain crystal
planes.

4. Boundary conditions at the oxide-alloy
interface

The oxide thickness changes with time, h(t). Let
�ox be the volume of the oxide per metal ion. The
growth of the oxide consumes ḣ /�ox number of A
atoms per area per time. The interface moves at
velocity Ṡ, such that the alloy loses Ṡ/� number of
A atoms per area per time. The number of A con-
sumed by oxidation equals that lost by the alloy,
so that

ḣ
�ox

�
Ṡ
�

. (11)

For present purposes, the interface velocity, Ṡ, is
prescribed and treated as a boundary condition on
diffusion and stress development in the alloy.

Element B remains in the alloy and does not
enter the oxide, causing a net flux of B into the
alloy from the oxide-alloy interface. Again imagine
a box stationary in fixed space, with one face in
the oxide, and another in the alloy (Fig. 6). The
area of the two faces is unity, and the thickness of
the box is infinitesimal. Atoms of B do not enter
or leave the box from the face in the oxide. But
NB (S,t) atoms of B leave the box from the face
within the alloy per unit time. Let cs be the number
fraction of A atoms within the alloy at the inter-
face. As the interface moves at velocity Ṡ, the box
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Fig. 6. The boundary conditions at the oxide-alloy interface.
B atoms does not oxidize, so that its net flux at the interface,
NB(S,t), is due to the motion of the interface. Oxidation may
remove atoms from the alloy beneath the interface, or inject
atoms into it, causing a diffusion flux. We assume that the dif-
fusion flux in the alloy at the interface, J(S,t), is proportional
to the interface velocity.

loses (1�cs)Ṡ/� atoms of B per unit time. Equat-
ing the two numbers, we obtain the boundary con-
dition for the net flux of B atoms:

NB(S,t) � (1�cs)
Ṡ
�

. (12)

The placement rule must be revisited in the pres-
ence of an oxide-alloy interface. The movements
of interfacial ledges accommodate the removal of
metal atoms on the interface, and dislocation climb
accommodates the removal of metal atoms inside
the alloy. If the interface ledge sites have a high
mobility, relative to the lattice sites, the alloy
would lose atoms primarily on the interface. To
adjust the volume change, the oxide would dis-
place relative to the substrate by a rigid-body trans-
lation. Then, oxidation would not induce stress in
the alloy. This situation is analogous to the “all-
or-nothing” placement rule. Conversely, if the
interface ledge sites are relatively immobile, the
oxide consumes the A atoms partly on the inter-
face, and partly from the interior of the alloy. Then,
the interface velocity Ṡ is partitioned into two con-
tributions: that due to the removal of metal atoms
on the interface, and that due to the removal of
metal atoms inside the alloy. As discussed in Sec-
tion 2, the latter process corresponds to a diffusion
flux J from the interior of the alloy to the interface.

Imagine that a marker is placed in the alloy at
z � S � , very close to the interface. Both the inter-
face velocity Ṡ and the marker velocity v are rela-

tive to a stationary site in the alloy well beneath
the interface. Focus on the layer of alloy between
the interface z � S and the marker z � S � . If Ṡ
� v, no atoms are added to or removed from the

layer. If Ṡ � v, atoms must be removed from the
layer. If Ṡ � v, atoms must be added to the layer.
The alloy loses Ṡ/� atoms per area per time. Of
these, (Ṡ � v) /� atoms come from substrate dislo-
cations climbing parallel to the surface, and �J
atoms from substrate dislocations climbing normal
to the surface. The partition is governed by the
relative density and mobility of these dislocations.
Here, we assume that J in the alloy near the inter-
face is proportional to the interface velocity Ṡ,
namely,

J(S,t) � �aṠ /�, (13)

with a a dimensionless constant. Because the
marker velocity, v, relates to the sum of the dif-
fusion fluxes of the two elements, J, according to
(4), placement rule (13) is equivalent to v(S,t) �
aṠ. That is, the marker velocity near the interface

is proportional to the interface velocity. As dis-
cussed in Section 2, the interfacial process can gen-
erate stress even in the substrate of a single
element, where nonreciprocal diffusion is absent.
This case is treated in the Appendix.

It is possible to envisage an experiment to deter-
mine a, wherein rows of small insoluble cylinders
or particles are embedded in the alloy, close to the
original surface [29]. Determination of their dis-
placement relative to a fixed reference site in the
substrate, for various h, as well as of the position
of the interface with the oxide, yields a. Note that
markers close to the surface will be consumed by
the moving oxide interface. The authors are
unaware of experiments of this type for b–NiAl
alloys, although voids and vacancy dislocation
loops have been observed in such alloys during
oxidation [1,30]. We will prescribe several values
of a in the calculation.

5. Kinetics

5.1. The diffusion law

Darken assigned unequal intrinsic diffusivities,
DA and DB, to the two elements, but neglected the
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effect of stress on the diffusion. Following Steph-
enson [12], we assume that the diffusion fluxes are
driven by both the composition and stress gradi-
ents:

JA � �DA
∂CA

∂z
�

cDA

fkT
∂sm

∂z
, (14a)

JB � �DB
∂CB

∂z
�

(1�c)DB

fkT
∂sm

∂z
. (14b)

The dimensionless number f � d(lna) /d(lnc) is
Darken’s thermodynamic factor, which he intro-
duced to relate mobility and diffusivity. Here a is
the activity of element A in the solution. We have
adopted the isotropic placement rule. Conse-
quently, when an atom is relocated from a stress-
free position to a stressed position, the reduction
in the free energy caused by the stress is �sm,
where sm is the mean stress.

We will use several combinations of the intrinsic
diffusivities: the interdiffusion coefficient D �
(1�c)DA � cDB, the average diffusivity D̄ �
cDA � (1�c)DB, and the differential diffusivity

� � DA�DB. The first two are always positive, but
the third can have either sign.

The sum of the diffusion fluxes of the two
elements is

J � �
�

�

∂c
∂z

�
D̄
fkT

∂sm

∂z
. (15)

The contribution due to composition gradient is
proportional to the differential diffusivity. When
DA � DB, the composition gradient drives the flux
J to the B-rich region. The appropriate diffusivity
for the contribution due to the stress gradient is the
average diffusivity of the two elements, as
expected. The stress gradient drives the flux J to
the region of large mean stress.

It is evident from (15) that the sign of the stress
gradient at the interface depends on two processes:
the nonreciprocal diffusion (� � DA�DB), and the
oxidation process (a). The latter determines the
sign of J at the interface according to (13). The
consequences can be appreciated by examining
two special cases.

1. When � � 0 and a � 0, the composition gradi-
ent does not contribute to the diffusion flux J,

but the stress gradient does. The positive a dic-
tates that atoms emit from the alloy, so that the
stress gradient is negative, whereupon the stress
at the interface must be tensile.

2. When � � 0 and a � 0, the composition gradi-
ent causes a diffusion flux toward the interface.
However, since a � 0, at the interface J � 0,
whereupon the stress gradient causes the dif-
fusion flux to be directed away from the inter-
face, and the stress at the interface is compress-
ive.

A combination of (4) and (15) expresses the
marker velocity in terms of the composition and
stress gradients:

v � �
∂c
∂z

�
D̄�

fkT
∂sm

∂z
. (16)

Substituting (14a) and (16) into (3a), we can
express the net flux of A in terms of the compo-
sition and stress gradients, namely,

NA � �
D
�

∂c
∂z

�
c(1�c)�
fkT

∂sm

∂z
. (17)

The net flux of B is NB � �NA.
Substituting (17) into the matter conservation

Eq. (2), we obtain that

∂c
∂t

�
∂
∂z�D

∂c
∂z

�
�c(1�c)�
fkT

∂sm

∂z �. (18)

This is a generalized diffusion equation.
The boundary conditions (12) and (13) become

D
�

∂c
∂z

�
cs(1�cs)�
fkT

∂sm

∂z
� (1�cs)

Ṡ
�

, (19)

and

�

�

∂c
∂z

�
2D̄

3fkT
∂s
∂z

� a
Ṡ
�

. (20)

The composition gradient and the stress gradient
in (19) and (20) are evaluated at the oxide-alloy
interface.

5.2. The creep law

Under uniaxial stress s, power law creep is
expressed as
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dC � d0(s /s0)n, (21)

where dC is the creep strain-rate in the loading
direction, n is the stress exponent (in the range 3–
5), s0 is the reference stress, and d0 is a strain-rate
coefficient. The uniaxial stress also causes strain-
rates �dC/2 in the two transverse directions, as
required by volume conservation. In the diffusion
couple, each material element is subject to an equal
biaxial stress state in the x and y directions. Denote
this stress field by s(z,t). Creep strain-rates are
unchanged if a hydrostatic stress is superimposed.
In particular, we can superpose a hydrostatic state
of magnitude �s(z,t) to material at (z,t), so that
the stress state becomes uniaxial. The creep law
(21) gives the transverse strain-rate under the
biaxial stress state:

dC
x � dC

y � (d0 /2)(s /s0)n. (22)

The above is valid when the stress is tensile. An
expression correct for both tension and com-
pression is dC

x � dC
y � (d0 /2)(s /s0)(�σ� /σ0)n�1.

In the direction x, diffusion induces a strain-

rate, dD
x � �

�

3
∂J
∂z

, where J is given by (15), and

the net strain-rate vanishes, so that

d0

2 �ss0
���s�
s0
�n-1

�
1
3

∂
∂z���

∂c
∂z

�
�D̄
fkT

∂sm

∂z �. (23)

In the biaxial stress field, the mean stress (defined
as 1/3 the sum of the principal stresses) is sm �
2s /3.

6. Non-dimensional groups and calculation
procedures

Alloys that form alumina are rate-limited by dif-
fusion in the oxide, such that the interface position
at time t is

S � �Kt. (24)

The parabolic rate constant K is known from
experiment and becomes an input for determi-
nation of the fluxes and the stresses.

A dimensionless ratio can be formed between K
and the diffusivity. Since the intrinsic diffusivities

are functions of composition, DA(c) and DB(c), it
is more convenient to express the response in terms
of D0, the interdiffusion coefficient at composition
c0. The dimensionless ratio

g � �K
D0

, (25)

designates the rate of diffusion of oxygen in alum-
ina relative to that in the alloy.

The stress scales with the thermal energy per
unit volume:

	 �
3fkT
2�

, (26)

whereupon Eq. (23) sets a length:


 � �2D0

3d0
�s0

	�n

. (27)

We scale the coordinate z and the interface position
S by 
. The diffusion Eq. (18) sets a time:

t �

2

D0
�

2
3d0

�s0

	�n

, (28)

which depends only on the creep of the alloy. We
scale the time t by τ.

In terms of the scaled quantities, the diffusion
Eq. (18) becomes

∂c
∂t

�
∂
∂z�D

∂c
∂z

�c(1�c)�
∂s
∂z�, (29)

and Eq. (23) becomes

s�s�n-1 �
∂
∂z���

∂c
∂z

� D̄
∂s
∂z�. (30)

The two boundary conditions (19) and (20) set
the gradients of the composition and the stress at
the oxide-alloy interface. In terms of the scaled
quantities, the boundary conditions become

∂c
∂z

�
(1�cs)D̄�acs(1�cs)�

DADB

g

2�t
, (31)

∂s
∂z

�
(1�cs)��aD

DADB

g

2�t
. (32)

The following calculations begin with no stress
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in the alloy, and uniform composition c(z,0) � c0.
The composition is fixed at infinity at all time,
c(�,t) � c0. At time t, the position of the oxide-
alloy interface moves to, z � γ√t. We evolve the
composition field, the stress field, and the interface
position simultaneously as follows. Based on the
known stress and the composition field at time t,
during a small time step, dt, we update the compo-
sition field according to the diffusion Eq. (29), the
boundary condition (31), and the boundary con-
dition c(�,t) � c0. The composition at the inter-
face, cs, must also be updated, as well as the pos-
ition of the interface. The updated composition
field then is used to update the stress field by solv-
ing the second order ordinary differential Eq. (30),
subject to the boundary condition (32) and van-
ishing stress at infinity.

7. Oxidation of b-NiAl

Figs. 7–10 present the results of numerical com-
putation for the oxidation of b-NiAl. To perform
ing the second order ordinary differential Eq. (30),
been chosen. The parabolic rate constant and the
interdiffusion coefficient for b-NiAl at 1100 C sug-
gest a representative value, γ	0.01 [1,31]. We use
the intrinsic diffusivities, DNi and DAl, in b-NiAl
measured at 1100 C [31]. The initial Al compo-
sition is set at c0 � 0.48, well within the b-phase
field [32]. For such a Ni-rich composition, Ni dif-
fuses faster than Al, DNi	3DAl. The creep
exponent, n � 4, is representative of that for power
law creep in b-NiAl at 1100 C [33–35]. To
embrace the full range of possibilities, we consider
several cases a � 2 /3,0,�2/3.

The singularity in (31) and (32) at t � 0 leads
to numerical difficulties. Accordingly, we start the
calculation at t � 1.0τ. Fig. 7 plots composition
profiles at several times for a � � 2/3 and
a � �2/3. In both cases, Al depletes near the
interface as oxidation proceeds, with a correspond-
ing enrichment in Ni. The trend of the composition
profile is insensitive to the choice of a. The dif-
fusion depth, z∗ /
, increases with time as
z /
	(t /t).

Both the diffusion flux and the stress are vitally
dependent on a. When a � 0 (Fig. 8a), the com-

Fig. 7. Numerical results for the composition gradients at two
values of a.

bined diffusion flux of the two components, J, is
negative, and atoms emit from the substrate. In this
case, markers (velocity v � ��J) move toward
the bottom of the substrate. At the interface itself,
the diffusion flux is prescribed, J � �aṠ/�. With
time, as the oxidation rate decreases, the flux
diminishes. By contrast, when a � 0 (Fig. 8b), the
flux is positive, atoms inject into the substrate, and
markers move toward the interface.

Since DNi � DAl, the composition gradient alone
would drive the combined diffusion flux into the
substrate (J � 0), in a direction opposite to that
ascertained in the calculations (Fig. 8a). The para-
dox is associated with the induced stresses (Fig. 9).
For a � 0 (Fig. 9a), the stress is tensile near the
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Fig. 8. Numerical results for the diffusion fluxes at two values
of a.

interface, and decreases with distance into the
alloy. The atoms drawn into the regions of greater
tension dominate the flux. The initial stress is zero.
A tensile stress rises rapidly during the initial
stages of oxidation. Within the time interval ana-
lyzed, the stress decreases with time, as the oxi-
dation rate decreases. This tensile stress could be
the source of voids at the interface. Conversely,
when a � 0 (Fig. 9b), the stress is compressive
and would suppress voids. Both the stress and the
diffusion flux decay to zero far away from the
interface. However, the rate of decay is slow,
because of the relatively large creep exponent, n
(Appendix A).

Fig. 9. Numerical results for the induced stresses at two values
of a.

When a � 0, atoms neither inject into nor emit
from the substrate, so that only the nonreciprocal
diffusion inside the alloy generates stress. Because
DNi	3DAl, the dominant Ni flux causes a mass loss
at the interface, leading to a tensile stress (Fig.
10a). To illustrate the effect of the relative diffusiv-
ity, some calculations have been performed for
DNi � DAl /3, pertinent to Al rich NiAl, while
keeping everything else unchanged. The hypotheti-
cally dominant Al flux causes a mass gain at the
interface, leading to a compressive stress (Fig.
10b). Note that, for positive a, while the stress
would be tensile regardless of the flux divergence,
the tension would be lower when DNi � DAl, dim-
inishing the tendency to form voids.

These results, in non-dimensional form, are
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Fig. 10. Numerical results for the induced stresses for two
cases: (a � 0,� � 0) and (a � 0,� � 0). For visual clarity,
Figs. 9 and 10 plot the stresses in different scales.

insensitive to the creep exponent, n. However, the
length scale, 
, is strongly affected by this
exponent, as well as by the diffusion and creep
coefficients. For reasonable choices of these coef-
ficients (based on the range reported in the
literature), 
 ranges from nanometers to millimet-
ers. Accordingly, in order to obtain meaningful
comparisons between Figures 7–10, independent
information is needed about creep and diffusion.
The stress scale, 	, defined by (26), is in the
GPa range.

Note that the Al and Ni concentration profiles
near the interface do not provide an indication of

the sign of the stress and hence, of void formation
tendencies. In all cases, Al is depleted near the
interface and Ni is enriched. The differentiation is
only apparent in the direction of motion of markers
in the bond coat, beneath the interface, relative to
a fixed location remote from the interface. Ascer-
taining this direction presents the pre-eminent
experimental challenge.

8. Comparison with observations

An assessment of the literature concerning void
formation during the oxidation of b-NiAltype
alloys [1,36–40] supports the following assertion.
To form voids, the generation of a tensile mean
stress is a necessary, but not sufficient, condition.
A void nucleation criterion must also be satisfied.
The situation parallels that for the widely docu-
mented void formation during creep [41] and upon
electromigration [42]. The nucleation requirement
is illustrated by observations that, when Pt [38], Y
[39], or Hf [40] is added to alloys, the propensity
for voids upon oxidation is eliminated. The role of
Y and Hf is to getter impurities, especially S, that
would otherwise segregate to the oxide-alloy inter-
face and the alloy surface, enhancing void
nucleation by changing the interface and surface
energy. The role of Pt in suppressing voids is
uncertain. Similar tendencies are manifest in the
contrast between FeCrAlY and FeCrAl alloys,
albeit that the observation of voids is convoluted
with the occurrence of oxide wrinkling. The FeC-
rAl alloy wrinkles and voids form, generally at the
apex of the wrinkles [37]. The S in this alloy is
believed to segregate to the interface, facilitating
the nucleation of voids. The Y in the FeCrAlY
alloy getters the S, suppressing void formation.
Moreover, the oxide remains flat. In all of the pre-
ceding cases, where voids form, it is implicit that
a is positive (or zero) and that DNi � DAl, allowing
the stress in the alloy to be tensile. That is, the
atom flux should be toward the interface, with cor-
responding marker displacement. The marker dis-
placement should be verified by experiment.
Observations that oxidation is accompanied by the
formation of vacancy loops is consistent with this
assessment [30].
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Other observations correlate with the magnitude
of the stress. Void formation is more prevalent
when transient oxides (θ�Al2O3) are being for-
med. In this case, oxidation occurs by the outward
diffusion of Al. This would be consistent with a
mass loss at the interface (large positive a) and a
tensile stress. The stress is also tensile when
a�Al2O3 is formed. The difference must be in the
magnitude of the stress, manifest either in smaller
a or a different diffusivity ratio. This could be
checked experimentally.

There are also apparent differences in the occur-
rence of voids with the Ni content in b-NiAl [1,36].
Since the sign of a is probably unchanged, the dif-
ference is most likely related to the diffusivity dif-
ferential, � � DAl�DNi, through its effect on the
stress gradient (15). The measured diffusivity data
for b–NiAl show that DAl � DNi in the Ni-rich
alloys, and DAl � DNi for Al-rich alloys [31].
According to our theory, provided that a is positive
or zero, then when DAl � DNi, the dominant Ni
flux away from the interface causes tensile stress.
When DAl � DNi, the dominant Al flux toward the
interface causes either compression or reduced ten-
sion. The observed void density in the Ni-rich
alloys is markedly higher than that in the Al-rich
alloys [1]. This trend is consistent with the theory.

9. Concluding remarks

This paper considers selective oxidation of a
semi-infinite alloy and, in particular, the two pro-
cesses that generate stress in the alloy. First, as
oxidation depletes A in the alloy near the interface,
the diffusion rates of A and B are usually unequal,
leading to a flux divergence. Second, at the oxide-
alloy interface, in addition to consuming metallic
atoms on the interface, oxidation may also cause
metallic atoms to emit from or inject into the sub-
strate. We specify placement rules to relate the
strain-rates to the divergence of the nonreciprocal
diffusion flux in the interior of the alloy, and to
relate the interfacial velocity to the diffusion flux
at the interface. The diffusion-generated strain-
rates are incompatible with the observed marker
velocity field. To compensate, the alloy must creep,
setting up a biaxial stress field in the directions

normal to the diffusion flux. We have formulated
a theory to model concomitant oxidation, diffusion,
and creep. Numerical results show that the stress
generated in the alloy can be either tensile or com-
pressive, depending on both the nonreciprocal dif-
fusion in the alloy and the oxidation process near
the interface. To focus on main ideas, we have neg-
lected several other causes of strains, and formu-
lated the theory for uni-directional diffusion.
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Appendix A. Oxidation-induced stress induced
in a pure metal

When a pure metal oxidizes, voids and vacancy
loops sometimes grow in the metal, indicating that
the metal emits atoms, and has a self-diffusion
atomic flux field J(z,t). As illustrated in Fig. 3, the
flux divergence, ∂J /∂z, causes a dilatational strain-
rate field, generating a biaxial tensile stress field
s(z,t), and a marker velocity field v(z,t). Both the
stress and the marker velocity fields can be meas-
ured experimentally in principle. This Appendix
calculates these fields, upon assuming that no voids
form in the metal.

In the metal, the self-diffusion flux is driven by
the stress gradient:

J �
D
kT

∂sm

∂z
, (A1)

where D is the self-diffusivity, and sm is the mean
stress, which is related to the biaxial stress as
sm � 2s /3.

In the transverse direction x, self-diffusion gen-

erates strain-rate dD
x � �

�

3
∂J
∂z

, and the biaxial

stress generates the creep strain-rate dC
x �
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d0

2 �ss0
�n

. The constraint requires that the net strain-

rate vanish, so that

d0

2 �ss0
�n

�
2D�

9kT
∂2s
∂z2 . (A2)

This is a second order ordinary differential equ-
ation for the stress distribution in the metal.

On the interface, we require that J � �aṠ/� at
the interface. Combining with (A1), this boundary
condition becomes

∂s
∂z

� �
3akTṠ
2D�

. (A3)

The differentiation is evaluated at the interface,
z � S. The stress in the metal far from the interface
vanishes, namely, s→0 as z→�.

Adopt the scales for the stress and the length
similar to those in the body of the paper:

	 �
3kT
2�

, 
 � �2D
3d0

�s0

	�n

. (A4)

The dimensionless parameter

b � a
Ṡ /D, (A5)

measures the interface velocity relative to diffusion
and creep in the metal.

Solving the differential Eq. (A2) subject to the
boundary conditions, we obtain the stress distri-
bution in the metal:

s � b	exp��
z�S

 �, for n � 1; (A6)

s � 	�n � 1
2
b2� 1

n+1�1 �
n�1

�2(n � 1)
�n � 1

2
b2� n�1

2(n+1)z�S

 ��

2
n�1

, for n � 1. (A7)

Eq. (A7) assumes that a � 0 and the stress is ten-
sile. When a � 0, the stress is compressive, and
(A7) is modified with a negative sign in the front.
The stress decays exponentially if the metal creeps
linearly, but decays slowly if the metal creeps with
a large n.

A substitution of the stress field into (A1) gives
the diffusion flux J in the metal. Partition the net
atomic flux N into that due to self-diffusion and
that due to convection: N � J � v /�. Following
similar assumptions made in Section 3, the net flux

vanishes, N � 0. Consequently, the marker velo-
city still relates to the diffusion flux as v � ��J.
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